Superconducting Energy Transfer Systems by Smith, P F & Lewin, J D
Particle Accelerators, 1970, Vol. 1, pp. 155-172 © GORDON AND BREACH, SCIENCE PUBLISHERS LTD. Printed in Glasgow, Scotland
SUPERCONDUCTING ENERGY TRANSFER SYSTEMS
P. F. SMITH AND J. D. LEWIN
Rutherford Laboratory, Chilton, Berks., England
A synchrotron magnet power supply concept h.as been devised which consists solely of a system of coupled super-
conducting coils. By relative rotation of the coils, energy can be transferred from the system to the superconducting
synchrotron magnet. The total energy remains constant during transfer so that no external work is required;
the absence of resistive losses ensures that the process is quasi-stationary and completely reversible (apart from
residual mechanical and electrical damping effects of order 0.01 per cent). Energy transfers in the range 108-109 J
could be achieved with systems typically 3-6 m diameter.
Several possible schemes of this type have been studied theoretically. This paper describes the most promising
of these, and crystallizes the significant theoretical results and practical conclusions.
The original presentation of the idea has, been improved in several ways: (1) a modified circuit, allowing the
geometry to be simplified to three concentric coils; (2) inclusion of small variable control inductors to automatically
produce forward or reverse rotation; and (3) addition of a transformer which facilitates matching and increases
the proportion of energy transferred.
In addition to the basic circuit theory, preliminary theoretical assesssments of a number of practical aspects
of the device are now in progress; items discussed in this paper include field and current distributions, choice of coil
topology, mechanical stresses, ac losses, cost optimization, dynamic response, and replenishment of losses.
). INTRODUCTION
The device discussed in this paper consists of a
system of coupled superconducting coils which
enables energy to be transferred" to an external
superconducting magnet reversibly and essentially
without loss. In particular it is envisaged as a
suitable power supply for a superconducting
proton synchrotron magnet (typically requir-
ing 108-109 J and a 3-10 sec cycle time), since it
w'ould not be subject to the p~':lcticallimitationsof
conventional motor-alternator-rectifier systems or
static power supplies and in addition should be
more versatile and substantially cheaper.
The basic idea was presented in 1967(1) and again
in 1968, (2) but in a form which looked difficult to
realize in practice. Recently, however, we have
introduced· a number of modifications which
overcome the original difficulties and in addition
reduce the size and cost. As a result the system
now begins to look much more attractive and worth
t:aking seriously.
We have also begun to examine in mqre detail
come of the design and operational features, again
with some encouraging initial conclusions.
This paper represents the first detailed account of
this work, and covers essentially all aspects
examined so far, so that it should form a suitable
Starting point for further studies.
A general description of the device and its
properties, in both the original and improved forms,
is given in Sec. 2. Each aspect is then treated
separately in the subsequent sections, with appro-
priate mathematical details. For clarity we have
chosen to condense the latter as much as possible,
concentrating 'on the special cases relevant to
practical systems.
Finally we indicate plans for further practical and
theoretical work in the immediate future.
2. SUMMARY· OF ESSENTIAL FEATURES
Scheme I
The basic circuit is shown in Fig. la. All coils
are superconducting. By varying the coupling
coefficients k2l , k31 , energy can be transferred
between circuit 2 and circuit 3. This may be
understood physically as follows:
(a) Any pair of current-carrying coils may
behave as a dynamo or as a motor, according to
whether the external work associated with their
relative motion is positive or negative.
(b) Choose the signs of the current,s so that the
pair of coils, L l L 2 say, behaves as a motor, and the
pair L l L3 behaves as a dynamo.
(c) Consider L l L 3 on~y, with i l maintained
constant. By moving L 3 relative to L l , i3 could be
made to increase, and external work would have to
be done on the system.
(d) Consider L 1 L 2 only, with i l maintained
constant. By allowing L 2 to move relative to L 1 , i2
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FIG. 1. Original version (Schenlc I). (a) Basic
circuit; (b) Basic circuit arranged as energy store,
transfer systcrn, and synchrotron rnagnct; (c)
Suggested practical representation of (b).
would decrease, and the system would do work
externally.
(e) .With the right choice of values, it is possible
to arrange that the anl0unts of external work in
(c) and (d) are ahvays equal and opposite. Thus,
considering now the systenl as a whole, we can
arrange that i3 increases as i2 decreases, \vith the
total energy renlaining constant and no external
work being necessary. Since there are no resistive
losses the process is reversible.
Figure 1b shows one way of using this principle
as a synchrotron po\\'cr supply: L 2 and L3 are each
split into a coupled component (subscript c) and an
uncoupled component (subscript u). L 311 represents
the synchrotron magnet system and L 21t a single
coil storing ~he sanle energy as L 311 • Energy can
then be transferred froln L 2u to Lall and back
without loss, and no external power source is
necessary.
The' circuit theory is given in Sec. 3. The
simplest condition for constant total energy is
k~t -+- k51 =..:. constant, with k 2a = 0, and L 2 = L3 ~
which also ensures that i1 automatically renlains
constant.
These conditions are satisfied by the practicaJ
device indicated in Fig. 1c. L 2r and 1..J3c are Jllutually
perpendicular, rigidly connected together and
inlJllersed in a uniform field provided by L t • By
rotation through 90:;, k3t and ia change from zero
to maximum, while k'.H and i2 change from maximum
to zero~ By reversing the Inotion the currents are
restored to their original values. I n the absence of
losses the equations have no time dependence~ so
that if the rotation' is stopped at any point the
current reJllains constant (thus allowing arbitrarily
long 'flat-top' operation). Since the rotation is
relatively slow (90:) in a second or so) and recipro-
cating, there are no current lead or comnlutatiol1
difficulties. Currents are initially established fronl
an external source, after which the systeJll is
isolated by means of superconducting switches.
The principal problenl beCOJlleS evident when we
consider the minimum size and cost of the systenl.
The theory of Sec. 3 shows that, for a system which
transfers an energy ET, the ITIinimUITI 'size~
(conveniently expressed in terJllS of stored energy)
of the field coil L I is (4,'k;,,)ET where k m is the
nlaximum value of the coupling coefficient k~1
between L 1 and L 3C ' Suppose for the moment that
k m~ 1. Then, from the simple economic cal...























































FIG. 2. Asymmetric version (Scheme II). (a)
Asymmetric circuit having the same electrical
characteristics as Fig. 1b, and including variable
control inductances Lv ; (b) Corresponding
practical representation, with L 2 now situated inside
L 3 and with no separate external energy store.
Example (a) 100 GeV superconducting synchro-
tron magnet, .--,108 J; Ll==4·10sJ, ·'""-'4m bore at
--,50 kG, cost .--,£106• Thus total cost perhaps
£2'106, compared with typical ,.......,£4.106 for
conventional system (for--1 sec rise time).
Example (b) 1000 GeV superconducting syn-
chrotron magnet, .--,109 J; Ll == 4.109 J, ,,",,-, 8 m bore
at '"'- 50 kG, cost-- £2.5 x 106• Thus total
cost perhaps £5 '106, compared with typical
-- £10-15 x 106 for conventional system (for
---2-3 sec rise time).
These examples indicate a possible cost advantage
over the conventional system, but this could easily
be lost if one was unable to achieve a value of k;L
reasonably close to 1, since an even larger Ll would
then be required.
The only way to ensure such good coupling is to
1l1ake the coils as nearly as possible the same size
and shape (an iron core would not help much at
-- 50 kG and the system would be too large and
expensive at the 10-20 kG level-see Sec. 6). For
example, for two concentric spherical coils of
radius al and a2 and with a cos e winding density
the coupling is given by (see Sec. 5) k~L = (al /a2)3,
so k~1 drops below 0.5 if a l i a2 < 0.8. In this form,
therefore, the system poses problems such as the
following:
(a) Constructing two perpendicular spherical
coils, both of which have to be equally well coupled
to L l .
(b) Producing the programmed rotation of the
system and compensating for any departures from
the condition k~l + k~l = constant.
(c) Subdividing L 3 into a number of equivalent
parallel windings in order to produce current and
voltage levels suitable for an accelerator magnet
system.
We now introduce refinements which eliminate
these difficulties and offer a number of other
significant advantages. It is convenient to discuss
these in two stages, referred to as scheme II, which
overcomes (a) and (b), and scheme III, which
overcomes (c) and also enables the energy trans-
ferred to be increased by a factor 2-4.
Schelne II
Figure 2a shows scheme II. Its first feature is
that the energy storage coil L 2u is combined with
L 2C into a single coil of the same total inductance,
but with its maximum coupling reduced by a
factor ~j2. Electrically this circuit is exactly
equivalent to Fig. 1b (see Sec. 3), but it has the
outstanding practical advantage that only coil 3 is
now required to be well coupled to L1 • Coil 2 is
required to have a smaller coupling and can thus
be placed at a smaller radius. The system can now
consist of three concentric spherical coils (Fig. 2b);
there is no external energy storage coil, all of the
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energy now being contained within the rotating
system itself.
The second feature of Fig. 2a is the inclusion of a
variable control inductor Lv in circuit 2 or 3. By
means of changes in Lv the effective coupling
between circuit 1 and circuit 2 or 3 can be altered
(see Sec. 3). This could be used to correct for any
small errors in the relationship k~l + k~l = constant;
alternatively one may deliberately depart from this
relationship, thus unbalancing the system and
automatically producing controlled forward or
backward rotation. This mode of behaviour can
be understood physically from the fact mentioned
above that the system is equivalent to a mechanic-
ally coupled motor and dynamo, and is thus subject
to a large clockwise couple exactly balanced by an
equal anticlockwise couple; thus if the relationship
k~l + k~l = constant is slightly disturbed these two
forces will no longer be equal and there will be a
net rotational force one way or the other.
Preliminary dynamic calculations (Sec. 7) indicate
that in practical systems the required rotational
velocities and accelerations can be produced by
means of inductance variations typically only
10-3 to 10-2 of the total inductance in circuit 2 or 3.
Such variations could be achieved, for example, by
including in the circuit a relatively small super-
conducting coil with a saturable iron core; so it
appears that this would be a very simple and
flexible way of producing and controlling the
rotation.
The system itself can comfortably supply the
necessary rotational energy, which will be typically
less than 1 per cent of the transferred electrical
energy (Sec. 7).
Scheme III
The schemes I and II so far described do not
utilize the full current-transferring capability of the
system: the current is changed from zero to a
value im by means of a 90° rotation, but in fact the
system would be capable of changing the current
from - im to + im with a 180° rotation. Thus we are
only making use of half of the current-transferring
capability. Furthermore we cannot introduce a
bias current into circuit 3 without upsetting the
constant energy condition. We can, however,
achieve the same effect by inserting a superconduct-
ing transformer between the power supply and the
synchrotron magnet. This is shown in Fig. 3 and












FIG. 3. Transformer version (Scheme III). (a)
Basic circuit, with transformers inserted between
the energy transfer system and the synchrotron;
(b) Example to illustrate possibility of subdividing
the transformer secondary; (c) Typical variation of
currents with angle of rotation.
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In this case we begin with maximum current in
L 3 , and zero current in L 2 and L 4 ; we then reverse
the current in L 3 by means of a 180
0
rotation, thus
inducing current in the synchrotron magnet L 4 •
The size of L 4 (for a given transferred energy E T )
now depends on the size of the transformer, in
accordance with a formula derived in section 4.
For example if LTS/L4 = 1 (and with essentially
perfect coupling in the transformer) the stored
energy of L 1 is reduced to half its previous value
(i.e. (2/k~1)ET); with larger values of LTS, L 1 may
be further reduced, to a limit of (l/k;n)ET as
LTS~oc;. The optimum choice will depend on the
relative practical and economic factors of the
transformer and power supply.
One can thus achieve a reduction in the size and
cost of the rotating system at the expense of having
to construct a large (but static) superconducting
transformer. For the two numerical examples
given above, the diameter is reduced from 4 m to
2.5-3 m in example (a) and from 8 m to 5-6 m in
example (b).
A second important function of the transformer
is as a matching device. One is now free to operate
the power supply at a current quite different from
that of the synchrotron (105 A, say) and design the
transformer secondary with whatever operating
current and degree of subdivision is appropriate.
One may, for example, envisage some elaboration of
the form indicated in Fig. 3b, with a separate
control inductance in each secondary circuit, but
thi s has not yet been studied in detail.
Note that the circuit of Fig. 3'1 despite its some-
what different appearance, is electrically still as
symmetrical as the original version (Fig. 1). What
is rather different is the distribution of stored energy
at different times; in particular the transferred
energy ET begins by being entirely in LTP, is
partially transferred to L 2 during the cycle, and ends
entirely in L 4 (see Fig. 3c).
Other practical aspects
Several basic questions have been considered
relating to the practical feasibility of the device.
Some simplified calculations are given in sections
5-7; the essential conclusions are as follows:
(a) Shear stresses. The equal and opposite
rotational couples give rise to a shear stress between
L 2C and L 3c • This is shown to be independent of
the size of the system and ofapproximate magnitude
1000 psi (70 kg/cm2). Thus, provided an appreci-
able fraction of the coil surface is used to support
the stress, this should not represent a serious
problem.
(b) Hoop and compressive stresses within each
coil. As in other large superconducting coils, these
can be always reduced to a tolerable level by
making the overall current density sufficient.ly
small. However, this in turn increases the coil
thickness and could make it difficult to achieve
good electrical coupling between coils. We find,
in fact, that an assumed tolerable stress of 25000 psi
(1800 kg/cm2) would limit k~n to about 0.7, and that
50000 psi is necessary to achieve a k~ of .--.;0.S5.
Thus this does present a somewhat more difficult
structural problem, particularly as it will pre-
sumably be necessary to prevent appreciable ex-
pansion or distortion of the coils as the currents
change. However, since the overall current
density will be fairly low « 104 A/cm2), less than
10 per cent of the coil will be superconductor, and
most of the coil section can be occupied by selected
reinforcing materials; there is also scope for
providing additional mechanical support externally
and internally.
(c) AC losses. Time varying fields result in a
loss in the superconductor. In the synchrotron
magnet itself, this loss will be restricted to less than
10-4 of the energy transferred by using composites
containing 5 J-tm-lO J-tm filaments. Since a single
large radius coil requires far less superconductor
for the same stored energy, the ac loss problem is
correspondingly eased, and the superconductor
filament diameter can be at least 5 times as great
for the same fractional energy loss. The loss is
reduced still further by the fact that the current in
L 1 , and the net field distribution produced by L 1 ,
L 2 , and L 3 , remain essentially constant throughout
the cycle.
(d) Replenishment of losses. Over a period of
many thousands of cycles the system would lose a
significant amount of its energy as a result of
friction, superconductor ac losses, eddy currents,
joint resistances, mechanical hysteresis, etc. These
could be replenished either electrically or mechanic-
ally in a number of ways. However, it appears
necessary to make up the losses separately in each
circuit, so a continuously operating flux pump in
series with each coil would appear to be the most
straightforward solution.
(e) Protection. In all large superconducting
coils, provision has to be made for rapid discharge
in the event of an accidental resistive transition,
loss of refrigeration, etc., in order to prevent
internal overheating or voltage breakdown. Here
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there is the additional concern that the system could
be suddenly unbalanced by one coil becoming
resistive. It will thus be necessary to ensure that
the discharge rate of one coil can be controlled to
keep up with the rate of spread of resistance in the
other, so that the currents and forces remain
balanced until the whole system has been com-
pletely discharged. This aspect has not yet been
analysed, but, since large low current density coils
usually quench rather slowly (i.e. in seconds or tens
of seconds, depending on the amount of copper and
location of coolant), it should not present a
significant problem.
(f) Topology. There are a number of possible
physical arrangements for the three main coils in
the system. To begin with, Fig. 2b could be
realized by either concentric spheres or concentric
cylinders. Secondly, coils L zL 3 could be located
outside coil L l • Thirdly, we have the option of
allowing L l to rotate instead of L zL 3 • There is no
clear choice. Although concentric cylinders allow
easier assembly and access, force-supporting prob-
lems are greater and there are design difficulties at
the ends. Rotation of the single coil L 1 may turn
out to be preferable but it will usually have a greater
mass than the L zL 3 combination. The peak
magnetic field on the superconductor is minimized
by choosing concentric spheres, with L zL 3 outside
L 1 • Thus both economic and practical considera-
tions seem to slightly favour the latter, probably
with the inner coil L1 rotating.
Note that in all cases the axis can be vertical if
preferred (e.g. to achieve a low-loss suspension).
None of the large-scale cryogenic and mechanical
engineering problems have yet been assessed.
However the component superconducting coils are
of a size (2-6 m bore) which is comparable to many
large bubble chamber magnets now planned or
under construction, so experience gained in the
latter should be relevant. In the largest versions of
this device, subdivision into several smaller units
may be preferable (to ease construction problems
and to allow continued operation in the event of a
fault in one unit); however since the radius is
proportional to £1/3 one gains rather slowly. Thus
in place of one large unit one would need eight
units of half the diameter, which could increase the
total cost by a factor ~ 2.
In general, this system does have the disadvantage
of possessing features (e.g. the suspension and
rotation of a large superconducting magnet) for
which there will have been literally no previous
experience. We feel, however, that this objection is
outweighed by the essential simplicity of the device,
which involves only a very small number of basic
components and operates on very simple principles.
If the construction problems are accepted as soluble,
its apparent operational advantages suggest that it
should now be studied seriously as an alternative to
conventional systems.
3. CIRCUIT THEORY FOR SCHEMES I
AND II
(a) Basic theory and constant energy condition
Consider three coupled coils (Fig. la). The
circuit equations are:
There is some freedom in the individual choice of
Land i in each circuit; the significant parameter is
the product Ll/2i, which we therefore denote by the
single variable x. We define coupling coefficients
in the usual way by M~b = k~bLaLb' and simplify
immediately to systems in which k Z3 = o.
The above equations then become (after inte-
gration to remove the time variable)
Xl + k ZlX 2 + k3lX3 = c1/Lt/2 = Yl (1)
k21X l + Xz = cz/LVz = Y2 (2)
k3lX l + X3 = c3IL~/z = Y3 (3)
where cl , c2, C3 (and hence Yl, Y2, Y3) are constants
fixed by the initial conditions. (Note, however,-
that in later extensions of the theory to include
losses, variable inductors, etc., the c's and/or y~s
will also become variable.)
Solving for Xl' X2, X 3 we obtain
x l (l - k~l - k~l) = Yl - k 2lyZ - k3lY3 (4)
x z(l - k~l - k~l) = - kZlYl + (1 - k~l)YZ + k Zlk3lY3 (5)
x3(1 - k~l - k~l) = - k3lYl + k2lk3lyZ + (1 - k~1)Y3 (6)
and the total energy of the system is
E = ~(x- + x~ + x~) + kZ1X 1X 2 + k31X 1X 3 (7)
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The simplest set of conditions for E to remain
constant as k21 and k31 vary are as follows:
and
Y2 = Y3 = 0 (8)
value of il results from any circular path in the
k21 , k31 , plane, but the circle has to be centered on
the origin to achieve in addition the constant total
energy condition.)
t I
k OR IX 3!31 XI
E = (xi/2)(1 - k~) = yi/2(1 - k~) = constant (13)
Equations (11) and (12) show that the currents in
circuits 2 and 3 are proportional to the values of the
coupling coefficients at any time. This, together
with the relationship (9), leads to the convenient
pictorial representation of the solution shown in
Fig. 4. As point P moves round the circumference
(14)
(15)
(b) Maximum transfer of energy to an external coil
Suppose L 3 consists of an internal coil L 3e
coupled to L l , plus an external coil L 3u not coupled
to L l . There are now two coupling coefficients to
consider; one is the overall coupling k3l between
circuits 1 and 3 which appears in the basic equations,
and whose maximum value we have labelled ko.
The other is the coupling k~l between coils L1 and
L 3C only, whose maximum value we will call k m •
These are related by
(k31)2 = (k~1)2 L 3CL 3C +L3u
The peak energy transferred to L 3U divided by the
energy stored in L 1 is
k~L3CL3U
(L3C +L 3U)2
This is a maximum when L 3c = L 3u , and the
maximum energy transferred (by varying coupling
from 0 to k m ) is thus
(c) Asymmetric version (Scheme II)
Figure 2a will be equivalent to Fig. 1b if the total
inductances and total couplings are the same
(assuming for simplicity the same peak current in
each circuit).
Thus we require (since L 2u = 0)






k~l + k~l = constant = k5 say (9)
The solution then simplifies to
Xl = Yl/(1 - k5) = constant (10)
X 2 = - k21Yl/(1 - k5) = - k21X1 (11)
X 3 = - k31Yl/(1 - k~) = - k31X 1 (12)
and
FIG. 4. Diagrammatic representation of circuit
behaviour. The angle Or corresponds to the angle
of rotation of the coil system, and the x and y co-
ordinates of P are proportional to the currents and
coupling coefficients of circuits 2 and 3 respectively.
Df a circle of radius ko, its two co-ordinates at any
time (ko sin Or and ko cos Or) are equal to the
:oupling coefficients, or the ratios I X3/X1 I, I X2!X1 I,
for the two circuits. This representation also leads
directly to the practical system of Fig. 1c, the
parameter 0r representing the rotational displace-
ment of the rotor.
(It is of some interest to note that a constant
A3
and, from (14),
(k;l)~ax = (k~1)~laxL3c/(L3C + L 3u)
Thus for the maximum energy transfer condition
L3C = L3u [derived in (b)] we require
L 2C = 2L3c and k;l = k~ll ,,'2 (16)
Thus, in Fig. 1b, we can dispense with the separate
storage coil L 2u and combine it with L 2c to form a
single coil of twice the inductance but whose
required coupling to L 1 is reduced by a factor J2.
For two concentric thin spherical coils of radii
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(21)
as and az (as < az) the coupling coefficient is
(as/al)3/2 (see Sec. 5); the mean radii of L 2c and L3C
must therefore be in the ratio a3/a2 = 21/ 3, so that
L 2c can now be situated inside L 3C •
It also follows from (14) that by varying L 3u (by
means of a control coil Lv) the effective coupling
coefficient k31 can be adjusted, thus giving fine
control of (9) for correction or control purposes.
One may produce a similar effect by placing Lv in
circuit 2. These possibilities are examined further
in Sec. 7.
4. CIRCUIT THEORY FOR SCHEME III
(TRANSFORMER SYSTEM)
Referring to Fig. 3a we introduce the following
notation:
i3(max)/i4(max) = r (ratio of operating currents of
synchrotron and power supply)
(L Ts/L TP)1/2 = 11 (turns ratio of transformer,
chosen to produce a specified
value of r)
LTS/L4 = m (a measure of the transformer
size)
LTP/L3C = I (chosen to maximize the trans-
ferred energy)
We denote the coupling coefficient between LTS
and LTP by k T , and work with the variables
Xl = Li/2i1 , X 2 = L~/2i2' X3 = L~~2i3' and X 4 = Li/2i4.
The circuit equations, analogous to (1), (2), (3) in
section 3, are then
Xl + k 21X2+ k~IX3 = YI (17)
k21X I + X 2 = Y2 (18)
k~lXl + (1 + l)x3+ kTfl/2ml/2x4 = Y3 (19)
kTll/2m1/2x3 + (1 +m)x4 = Y4 (20)
where the y"s are constants determined by the
initial conditions as before.
Then from (20) we obtain the ratio of changes in
X 4 to changes in X 3 :
1 L1(x4) 1_ k Tm1/ 2/ 1/ 2
IL1(x3) - (I+m)
and eliminating X 4 between (19) and (20) we obtain
, [1+m+l+ml(l-ki )]k31X1+ X3 1 + m = constant (22)
We now specify that this circuit shall be equivalent
in its behaviour to that of Figs. 1 or 2. Thus
comparing Eqs. (17), (18), (22) with (1), (2), and (3)
we see that the constant in (22) must be zero as in
(3), and the change in X3 when k~l varies from zero
to krn (90° rotation) is given by
IL1(x3) I _ 1 + mI kmX1 90° - 1 +m+J+mJ(l-k}) (23)
Hence, using (21), the change in X 4 (again for 90°
rotation) is given by
IL1(x4) I kTm1 / 2Jl/2I kmX1 I 90° = 1+m+J+mJ(l-k~) (24)
With this circuit, as explained in Sec. 2, we can
produce twice the change given by (24) by varying
k~l from + km to - km (180° rotation). The total
change in X4 is thus
L1 (x4) I 2k Tm1/ 2/ 1/ 2
- (25)
kmX11180° - l+m+/+m/(I-ki)
This is a maximum with respect to / when
1= l+m (26)
I +m(l-k~)
Using (26), and squaring (25) to obtain the
energy transfer, we conclude
(!L4ii)max [k~m][ k~ ] (27)(!L1ii) = 1 + m I + m(1 - k~)
Consider first of all the case k T = 1 (which will he a
good approximation if a bifilar winding is used).
Then (27) has the value (k~lI2) for m = 1, increasing
to k~~ as m~oo. This is to be compared with the
maximum of (k~/4) given by (15) for schemes I and
II.
If k T =1= I then (27) has a maximum for
m = (1 - k~)-1/2
so there would now be no advantage in making m
larger than this.
Condition (26) gives us the optimum ratio I of
inductances in circuit 3, once the ratio m of
inductances in circuit 4 has been specified. We are
still free to choose the transformer turns ratio n in
order to produce the desired ratio r of the peak
currents in circuits 3 and 4. The latter is obtained
by dividing (23) by (25), giving
L4/L3c = 4kir2ml/(1 +m)2 (28)
which, from the definition of m and I, gives im-
mediately
(LTS/LTP)1/2 = n = 2k T rmj(1 +m) (29)
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(30)
(31)
The three formulae (26), (27), and (29) enable us to
specify all the circuit parameters in any- particular
case. To illustrate this, suppose we assume k T = 1
and choose LTS = L 4 = L, say, so that m = 1.
Further suppose we specify that all the circuits shall
have the same peak operating current, so that
r = 1. The procedure is then as follows:
(i) From (29) we obtain n = 1; thus LTP = L
also.
(ii) From (26) we obtain I = 2, giving L3c = Lj2.
(iii) From (27), L I = 2Ljk;n.
(iv) As in Scheme II, L2 = 2L3C •
Thus all of the inductance values are now fixed.
The .operational sequence for this case is indi-
cated in Fig. 3c. Currents are initially i3 = im ,
i2 = i4 = 0; after a 90° rotation i3 has decreased
to zero, i 2 has increased to im , and i4 to im j2;
finally, at the full 180° rotation, i3 has reversed to
- im , i2 has returned to zero, and i4 has reached its
full value im •
5. SOME PRACTICAL CONS~DERATIONS_
(a) Field and current distributions
A cos 8 distribution of current around the
circumference of a sphere or .cylinder produces a
uniform field throughout the internal volume.
Table I lists formulae relating to current, field
distribution, and stored energy for the two geo-
metries. The notation is shown in Fig. 5.
H 8
FIG. 5. Notation for field and current distributions
(Table I).
Also included are formulae for the coupling k
between two thin concentric spheres or cylinders.
These were obtained by calculating the total flux
linked by the inner coil s for unit current in the
buter coil I; this quantity is the mutual inductance
M, which is then divided by L//2L?/2 (expressed in
terms of H, as, and al via the stored energy
formula) to obtain the expression for k.
Figure 6 shows the stored energy of a spherical




FIG. 6. Stored energy of a spherical coil as a func-
tion of magnetic field and radius (E = H2a3/4·107).
(b) Comparison of topolog ical arrangements
Since the coupling coefficient between two
concentric cos 8 current distributions depends
simply on the ratio of the radii, one has the option
of using the inverse of Fig. 2b, with LIon the inside
and L 3 on the outside. The two arrangements are
indicated in Fig. 7; they are mathematically
equivalent provided
~ (LI outside) = al (LI inside) , }al a3
== k~3 for spheres or k m for cylinders
and
~~ (L I oU,tside) = a2 (L I inside) }a2 a3
== 21/ 3 for spheres or 21/ 2 for cylinders
It is therefore necessary to ask whether there are
any practical or economic reasons favouring one or
other of these arrangements. For example, in
addition to the obvious differences in construction,
there are significant differences in the magnetic
field distribution which could affect the overall cost
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TABLE I
Some formulae relating to spherical and cylindrical current distributions (coil thickness 0~a).
Sphere
radius a cm
Cylinder radius a cm,
axial length z ~ a
A/cm of circumference to produce a uniform
internal field H (gauss)
Total ampere-turns
Total quantity of superconductor S(A-cm)
Coil thickness S (cm) for mean current
density J (A/cm2 )
External field components for internal field H:
H r
H o
Stored energy (joules): Internal
External
Total
Coupling coefficient k for two systems of mean





- H(a/r)3 sin 0








- H(ajr)2 sin 0




and optimum magnetic field (as discussed in Sec. 6).
We can determine the relative internal or central
magnetic field produced by the three coils very
simply from the theory of sections 3(a) and (c) by
noting that





_ k2 _ m
- 0-2 H~a~H2a31 1 (32)
(33)
However we cannot immediately conclude that this
arrangement will be cheaper since, for the same HI'
the overall diameter (i.e. that of L 2) will be greater:
alternatively for the same overall diameter L 1 would
have to be smaller (Fig. 7) with a corresponding
increase in H 1 • It is therefore necessary to perform
a separate cost optimization for each 3-coil system
and compare the results. Using the simple
technique outlined in Sec. 6 we find that the two
(0) L , outside
FIG. 7. Alternative arrangements of , L 1L 2 , and L 3 •
a=o
Thus using (30) and (31) to eliminate (a2!a1) and
(a3!a1) from (32) and (33) we can obtain the
numerical values of the ratios (H2/ H 1) and (H3 / H 1).
These are shown in the top half of Table II. (The
currents in L 2 and L 3 are, of course, 90 0 out of
phase, so each coil produces its peak field when the
field due to the other is zero.)
Using the expressions given in Table I for the
external field components in terms of the central
field we can now write down the complete field
distribution for each coil. Summing the three
distributions we eventually arrive at the values
shown in Table II for the peak field experienced by
each coil. In each case the peak field is located at
() = 0, and occurs when the coupling between L 2
or L 3 and L 1 is a maximum (Or = 0 or 900 ). Note
that for the symmetric scheme I, in which L 2 and L 3
are identical coils situated at the same radius, the
values tabulated for L 3 would apply to L 2 as well.
It can be seen immediately that the spherical
system with L 1 inside will give the lowest peak fields
relative to the nominal central field H 1 of L 1 •
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TABLE II
Effect of coil topology on peak and central magnetic fields
(Note: In each column the fields are given relative to the central field of L I which is a design variable)
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Central fields produced by each coil separately:
Central field HI ofL I : (normalized to unity)
Central field H 2 ofL 2 : H 2,iHI
Central field H 3 ofL 3 : H 3/HI
Peak fields produced by the three coils together:
Peak field HPI on L I : HPI'HI
spherical systems cost-optImIze at approximately
the same overall diameter, and that the 'L1 inside'
system is lower in cost only by <5 per cent
(for 0.5 < k~~ < 1). Thus the advantage could be
significant but-at least from this preliminary
assessment-apparently not as great as the values
in Table II would suggest.
For the cylindrical systems the relative peak fields
are always higher than those in the corresponding
spherical system. Strictly speaking one cannot
make such a direct comparison since the cylindrical
system has an additional degree of freedom and
could be designed to have a lower field for a greater
axial length, although it is probable that this would
result in a net increase in cost.
In general it would appear that the cost differ-
ences are rather marginal, so that the choice of
topology is more likely to depend on mechanical
and cryogenic engineering considerations.
For completeness we should mention briefly the
possibility of alternatives to the rotational systems.
In particular we have considered the possibility of
arrangements involving linear motion; for example
all three coils could be solenoids, with L 2 and L 3
sliding in and out of L 1 • However, this has two
immediate disadvantages. Firstly, one no longer
obtains automatically the relation k~l + k~l =
constant, and it is not at all clear how to distribute
the windings to ensure that this condition is satis-
fied. Secondly, since the coupling coefficients
cannot be reversed in sign (or even reduced to zero),
the proportion of energy transferred is reduced,
Spheres Cylinders
Lloutside L I inside Lloutside L I inside
+1 +1 +1 +1
-1 k;n -1 k'tn
-y
-T
-t k~ -t k':n
-z -2
1 +k~ !+~ 1 +k~ 1 +~}~
4 2 2 2 2
3 3k~ 2 k 22' 4- m
5 k2 3 3k;n
"4 m "2 2
compared with rotational scheme III, by a factor
2 to 3 (i.e., in the representation shown in Fig. 4,
point P can only operate over an arc of less than
90°).
(c) AC losses
A review of the basic formulae and corrections
required for the calculation of ac losses in super-
conducting coils is given in Ref. 3. A suitable
approximate expression for the present purpose is
Q (joules dissipated per cycle) ""'-I HS d/2 .108 (34)
where H is the maximum field in gauss, S is the
quantity of superconductor in A-em, and d(cm) is
the diameter of the superconducting filaments (for a
sufficiently transposed conductor-see Ref. 3).
Combining (34) with the expressions for Sand E
in Table I, we find that the ratio of the energy lost
per cycle to the coil energy is
Q {2d/a for a sphere (35)
E""'-I dla for a long cylinder (36)
Inserting typical values a ""'-I 100 em, d ""'-I 10-3 to
10-2 em, we thus see that QIE ""'-110-5 to 10-4 •
These expressions also show that the ac loss
problem for the energy storage system is at least an
order of magnitude less severe than for the syn-
chrotron (since a ""'-1100 em for the former and
""'-110 em for the latter). Furthermore the above
calculation probably considerably overestimates the
loss in the actual power supply system; this is
because (34) applies to a coil cycled between zero
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(38)
and maximum field, whereas, as we have already
seen in the preceding subsection, the overall field
distribution produced by the three coils remains
essentially constant.
(d) Stresses
hlthough there are no net forces on the system as
a whole, there may obviously be internal stresses of
considerable magnitude. These can be broadly
classified into (1) shear stresses between the coils,
and (2) outward bursting forces and compressive
stresses within each separate coil. Consider the
latter first. These are now a familiar problem in
large superconducting coils. In the spherical
system (equivalent to the usual large solenoid) the
outward forces can be restrained by hoop stresses
in either the conductor itself or in reinforcing
material distributed within the winding. A
convenient approximate expression for the magni-
tude of both the hoop stresses and compressive
stresses is
P(dyn/cm2) ~ HJ al20 (37)
with H in gauss, J in A/cm2 , and a in em.
(Note the conversion factor if required:
70000 dyn/cm2 ~ 1 psi.)
Thus, by reducing J (i.e. increasing the coil
thickness) we can in principle reduce the stresses to
any chosen level.
Combining (37) with the expression for coil
thickness 8 given in Table I we obtain
8 H2
a~T6P
Thus for H ~ 50000 gauss, P ~ 1.8 X 109 dyn/cm2
(i.e. 25000 psi), we obtain 8Ia~0.1, which, since
the coupling coefficient is -r-... (a1Ia2)3/2, indicates a
maximum value of 0.7 for k~l' If the system can be
satisfactorily designed for twice this stress the
corresponding value of k~~ increases to about 0.85.
Note that for this simple initial estimate we have
considered a single coil operating at the maximum
field H. In the complete 3-coil system the average
field will usually be rather lower than this, and (38)
may thus be somewhat pessimistic. We have not
yet compared the four topologies in Table II from
the viewpoint of minimizing the stresses.
Consider now the shear stresses. At first sight
these could present greater problems because L 2C
and L 3C are at different radii (Fig. 2) and are subject
to large equal and opposite rotational couples.
Although the detailed field and stress distributions
will be rather complicated, it is again possible to
estimate the order of magnitude very simply, as
follows:
From the theory given in Sec. 3, the total energy
of the circuits 1 and 3 only will be
E = E 1 [1 - (k~nI2)cos2 Br ] (39)
where E1 is !L1ii.
Then, if F (dyn/~m2) is the effective mean tangential
force, the rotational couple Fa will be equal to
- d£/dBr~ i.e.:
F~ k~l£lCOS Br sin Brla (40)
For the cylindrical geometry we can now take
£1 = H2a2z /4 (ergs) and divide (40) by the surface
area A = 27Taz to obtain a maximum shear stress
(at Br = 45°) averaged over the circumference:
(41)
The spherical case is more involved because
different parts of the surface are at different
distances from the axis of rotation, but the result is
of the same general magnitude.
For a field of 50000 gauss (41) indicates a shear
stress ~ 1000 psi, which is independent of the size
of the system. This figure is at least an order of
magnitude less than the desirable upper limit of,
say, 10-20000 psi, and therefore should present no
problems provided that most of the coil surface is
utilized in forming the mechanical bond between
L 2C and L 3C '
6. BASIC ECONOMICS
(a) Cost of a superconducting coil of given stored
energy
The cost of a superconducting magnet is to a
good approximation the sum of two terms, (1) the
cost of the coil and (2) the cost of the cryostat and
refrigeration system. The first term can be
estimated by first calculating the quantity of
superconductor in A-em, and multiplying by the
(field dependent) unit cost, which has for many
years remained at about 4·10-1oHp (£ per A-em) for
the cheapest NbTi composites. One then usually
multiplies by a further factor, typically 1.5 to 2 in
the 30-70 kG range, to allow for the coil fabrication
cost.
The second term can be estimated from the fact
that the costs of both cryostat and refrigeration
systems tend to be roughly proportional to the
surface area. The constants are typically 0.1 to
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0.2 £/cm2 for the cryostat and r-o...tO.l £/cm2 for the
refrigeration (assuming the capacity specified for
the latter to be governed mainly by the heat inleak
and not significantly increased by some additional
factor such as a rapid cooldown requirement).
As we are discussing a system which is presumably
many years in the future we will take a moderately
optimistic view and assume for the first term a
coefficient 4·10-1oH (£/A-cm) to include both
superconductor and fabrication cost, and for the
second term a coefficient 0.2 (£/cm2) to include both
cryostat and refrigeration system.
We have examined the cost optimization of each
of the coil configurations shown in Fig. 8. Of these,
only (a) is relevant to the energy transfer system
itself, but we included the others to see if they offer
a cheaper way of constructing the transformer
component of the system. The results are sum-
marized in Table III; in each case the cost C can be










FIG. 8. Coil geometries for Table III.
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C = rxE/a + (f3/2)a2
which gives a cost optimum
CoPt = 1. 5rx2/ 3f31/3£2/3 (43)
aopt = (Erxlf3)1/3 (44)
The small differences between the numerical
values in Table III, together with the fractional
powers in (43) and (44), show that the coil shape
has only a second order effect on the cost. Taking
the coefficients for the spherical coil we obtain
CoPt r-o...t E2/3 (C in £, E in joules); this gives, for
example, £106 for a 109 joule coil-consistent with
the assumption of a slight future reduction of
typical present day superconducting magnet costs.
The analysis also yields an optimum field; for the
TABLE III
Cost optimization for coil geometries of Fig. 8.
Stored energy E (joules)
Quantity of superconductor S (A-cm)
Surface area A (cm2 )
Approximate optimum condition
Coil cost term r:xE'a
Cryogenic cost term (fP2)a2
Sphere Solenoid Toroidal Field Toroidal currentt
H2a3 H2a2(a2+ 12/4)1/2 7TH2ab2 (gIlgDH~ab2
4.107 ~ 4.107 4.107 5 '108
(157T/4)Ha2 r-' lOHa(a2 + /2/4)1/2 lO7THab 27THpab/g2
~47Ta2 ~27Ta(a +/) ~47T2ab ~47T2ab
/~2a a~b a~5b
~O.19E/a ~O.18E/a ~0.16 E/a ~O.25 E/a
~3a2 ~6a2 ~8a2 ~2a2
t The expressions in this column contain the additional functions gl and g2 which are defined as follows:
gl = [1 + 3ln (a/b)]
g2 = [bHp/i], which varies from ~ 0.6 (when alb = 1) to 0.2 (when alb~ (0).
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spherical coil this is
H opt = (4.107f3/ct)1/2 (45)
which gives 35 kG for the specific figures calculated.
The optimum is, however, very flat and one would
presumably prefer to work at around 45-50 kG to
reduce the overall size as much as possible.
A simple extension of this procedure can be
applied to the full 3-coil system. In place of (42)
we have
c = ctEI [HPl] + ctE,2 [ HP2] + ctE3[HP3]
a1 HI a2 H 2 a3 H3
+ (f3/2)a2max (46)
where the factors (Hpl/H1) etc. arise from the fact
that the unit superconductor cost is roughly
proportional to the peak field. For a specified
topology the peak field factors can be obtained
from Table II, a2 and a3 can be expressed in terms
of al using (30) and (31), and for a given circuit
solution E1 , E2 , and E3 can be written as multiples
of the transferred energy ET. (46) then reduces to
C = NlctET/al +N2(f3/2)ar (47)
where N1 , N 2 , are numbers which depend on coil
topology, transformer size, and k m • The optimum
values of a4 and C then follow as before.
The absolute cost values obtained from these
expressions cannot, of course, be taken literally;
nevertheless the analysis does provide a simple and
reasonably realistic way of comparing relative
costs of different systems-such as those discussed
in section 5(b).
(b) Possible use of iron
When considering energy storage systems or
superconducting transformers it is of interest to ask
whether energy might be stored more cheaply in an
iron core with a low field superconducting energiz-
ing coil, or whether an iron core or yoke can be of
any value in reducing cost at high fields. We find,
however, that the cost of the quantity of iron that
would be required in a low field system is far too
high, and that the gain at high fields appears to be
'Yery marginal, and not worth the practical dis-
advantages (greater weight, non-linearity, etc.).
This can be seen as follows: the energy stored in
a volume V(cm3) of iron is BHVj81T·I07, and the
cost of the iron will be of order £2.10-3 V. Thus to
store E joules the cost of the iron alone is
£Cjr-J5·105E!BH (48)
Since, for H greater than a few hundred gauss,
B t'o.I (H + 20000) we can see immediately that B has
to be 30-40 kG before Cr is reduced to the same
order as the costs for air-cored coils.
At the 40-50 kG level, the inclusion of iron would
increase the total cost by typically 10-20 per cent
(for values of E up to r-J 109 joules); however since
the energy is increased by a factor B/H, it is evident
that the effect of the iron is to decrease fX by the
same factor. Thus the cost gain resulting from
this is only (f3 /H)2/3 ~ 1.2 or 1.3, which is only mar-
ginally greater than the additional cost of the iron.
(c) Cost of conventionalpOlver supplies
For comparison purposes it is useful to note the
approximate cost of conventional synchrotron
power supplies, although, as discussed in Sec. 2, the
operational advantages of the superconducting
system may be more significant than any potentia!
economic gain.
Typical cost estimates for motor-alternator-
rectifier systems for large synchrotrons fit the
expression £0.03ET/T, for ET joules transferred to
the synchrotron magnet in a rise time T seconds.
Detailed estimates appear to have been made only
for systems with E T < 108 joules, however, so that
it is not clear whether this expression can be
extrapolated to systems which are an order of
magnitude larger (and which have the necessary
degree of reliability).
By means of the alternative 'static' systems (4) it
appears possible that the cost of a synchrotron
power supply could be reduced by up to a factor 2.
However such systems are directly linked to the
national electricity supply and as a result are
limited in their maximum rate of energy transfer.
Consequently, for the largest accelerators, the static
system may be barely capable of producing the
required magnet rise times. This is being examined
in more detail by Fox. (5)
7. FIRST DYNAMIC CALCULATIONS
Studies of the dynamic behaviour of the system
are only just beginning and firm conclusions cannot
yet be presented. Our preliminary results are,
nevertheless, worth reporting at this stage, since
they indicate that, in practical systems, accelerations
and rise times of the required magnitude can be
produced automatically by means of quite small
variations in the value of an external control
inductance; furthermore, this procedure involves
only small amounts of external work and small
changes in the currents in the system, so that its
electrical behaviour is not significantly affected.
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From (13) the total energy is
(b) Current and energy changes
The preceding calculation gave the acceleration
which would result following an instantaneous
small change in the control inductance. We now
discuss the current and energy changes in the
system which occur when such an instantaneous
change is made. Since the constants c in Eqs. (1) to
(3) are unaltered (they remain as established by the
initial conditions as long as the circuits remain
isolated and superconducting with no external
voltages introduced) and the only inductances
which change are L 2 and!or L 3 , the parameters yare
also unaltered; so small changes in Xl" X 2 " and E
can be obtained simply by differentiating with
respect to k 31 •
So, for /,~ 8a4p8, we find
f ~ [~~~~J [K(C~ 81)T (54)
The second term in (50) is in the range 5jT2-201T2
for 0I between about 5° and 30°; so, for the above
values of p, 81a, H, and k;,~( = 2k5), f -.... 2 to
6 x 10-7a2/T2, which confirms the simple estimate.
Fractional changes of this order in the inductance
of circuit 3 (e.g. 1-100 mR at 104A) could readily be
achieved by means of a relatively small low field
superconducting coil with a saturable iron core.
The current in the winding used to saturate this
core could be continuously adjusted to produce the
required current waveform in the synchrotron, and
at the same time this would automatically com-
pensate for any slight departures from Eq. (9)
arising for example from winding imperfections in
the rotating system itself.
[
1 - k5J1/2J90::> _d_eP_
2 0 [1-cos2 °1 sin2 4>]1/2'
[
1 - k5J1/2
= -2- K(cos ( 1)
be obtained equally readily, although In general
these are rather more complicated.
For example the total time from 01 to (180 0 - ( 1)
is given by
_ [/(1 - k.5- k5f cos2 (1)Jl!2
T - 2 --E
1k5(1 - k5)2f
J90~ [1 -k2 - k2f cos2 °J1l2• 0 0 r dO (53)(JI 2(cos2 °1 - COS2 Or) r
The integral can be transformed into a complete






dE 2Efk6 cos 8r sin °r
dO r (1 - k6)
From a spherical coil of density p and thickness 8 a
reasonable estimate for the moment of inertia is
/ r-; 8a4p8 (cgs units) so that
Then
d20r ( d' f 2) Efk6sin 20r
dt2 ra Ian/ sec ~ 8(1 - k5)a4p8
H2fk5sin 20 r
32(1 - k~) ap8
From this we see immediately that no acceleration
is produced when 8r = 0 (or 90°). (This is physically
obvious from the fact that at these points the current
in one coil is zero and the resultant force on the
other is purely radial, so no change made at this
moment can result in a rotational force.) Accord-
ingly, instead of operating the system between
0° and 180°, one will operate between some small
angle 01 and (180° - 0I). This will not significantly
affect the total current swing, which is proportional
to cos °1 ; for example even if 0I is 15°, so that
sin 20I in (52) is 0.5, we still have cos 0I~ 0.97.
In a typical accelerator cycle, with an injection
platform of a few tenths of a second and a rise time
of 2 sec, we evidently require accelerations of
order 5 rad/sec2 • Taking typical values of the
other parameters, p~5 g/cm3, 8Ia~0.1, k':n~0.8,
H r-; 50000 gauss, (52) gives f·~ 5 '10-8a2 ; this has
the values 5.10-4 for a = 100 cm and 8 '10-3 for
a = 400 em.
Thus the required value off should be very small
in typical practical situations, justifying the use of
the first order approximation (51). In fact, if the
change in k is instantaneous, exact expressions can
A4-
(a) Acceleration
If (9) is not satisfied the total energy will no
longer be independent of Or and there will be an
acceleration given by




2(1 - k~1 - k~l)
Put k~l = k5 sin2 °rand k~1 = k5 cos2 0r(l +f), where
k5 = k~/2 and f is a small correction achieved
by altering the value of the uncoupled inductance.
[Note that, from (14), a positive f is obtained by
decreasing the external inductance.]
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In particular the change in total electrical
energy resulting from the instantaneous change in
k31 at ()1 (equal to the work done in making the
change) is
LJE~ ELJ(k;l) ~ Efk5cos2 81 • (55)
(1 - k~) (1 - kg) ,
and the change in rotational kinetic energy E r
during a subsequent rotation from 81 to ()2 is equal
and opposite to the corresponding change in
electrical energy, obtained from (51):
LJE =:=. Efk5(cos2 81 - cos2 ()2) (56)
r (1 - k5)
Equation (55) shows immediately that any changes
in electrical energy are of order f, which we have
already seen to be typically 0.1 to 1 per cent.
Comparison of (55) and (56) shows that if the
change in k31 is made at 81 near zero the maximum
rotational kinetic energy (at 82 = 90°) is equal to
the work done on the control inductance. Note
that the system then slows down again, coming
momentarily to rest at 180° - 81 ; at this point we
can produce a 'flat top' by temporarily restoring the
control inductance to its original value, so that (9)
is once again satisfied and the system remains
stationary [the work associated with this change is
given by (55) with the sign reversed]. Alternatively,
if no such compensating change is made, the system
will oscillate indefinitely between 81 and 180° - 81 •
Exactly similar behaviour can be achieved by
placing the control inductance in circuit 2, in which
case the appropriate value of ()1 (for coil 2) is near
90°. From (52) the required value of f is of the
same magnitude, but from (55) the absolute value
ofLJE is much smaller. So in this case the rotational
energy is derived from the system itself, and the
external work associated with the (positive or
negative) changes in Lv can be made arbitrarily
small.
(c) Replenishment of losses
To replenish energy lost from the system as a
result of friction, ac losses, joint resistances, etc.,
one must do work on the system in some way. A
variety of possibilities suggest themselves-energiz-
ing subsidiary windings, periodic variation of
further external control inductances, flux pumps,
and so on.
Our first examination of this problem would
seem to indicate that it is necessary to make up the
losses separately in each circuit in which they occur.
This can be shown as follows:
Losses can be incorporated in (1)-(3) by the
addition of appropriate time-dependent terms thus:
Xl + k21X 2+ k31X3 = Y1 - ~ fX1dt = Yl(t) (57)
T1
k21X1+ X2 = Y2 _.!- fX2dt = Y2(t) (58)
T2
k31X1 + X3 = Y3 - ~ fX3dt = Y3(t) (59)
T3
where T1' T2' T3 are effective decay time constants
for circuits 1, 2, 3 respectively.
Any instantaneous changes of inductance produce
instantaneous changes in Yi such as to leave un-
altered the instantaneous values of cl = L1/2Yi).
Thus in the cases of interest (Y2(0) = Y3(0) = 0)
there is no way of correcting Yz and Y3 simply by
varying inductances. Also there is no way of
correcting Yl without producing a permanent
alteration in L 1 • Consequently there is no way of
restoring the circuits to their initial conditions by
sequential variations of the inductances; and so
replenishment must be effected by the introduction
ofexternal time-dependent voltage sources (directly,
by flux pumps, or by means of subsidiary windings).
If we call these €1' €2, €3 (in circuits 1, 2, 3 respec-
tively) (57)-(59) become
Xl +k21X 2 +k31X3 = Y1 + f(E1-X1/T1)dt = Y1 +LJY1
(60)
k21x1+ X 2 = Y2 +f(E2 - X 2/T2)dt = Y2 +LJY2
(61)
k31X 1+x3 = Y3 + f(E3 -X3!T3)dt = Y3 +LJY3
(62)
so that, with the normal initial conditions,
Yl = x1(0)(I - k5), Y2 = Y3 = 0, we have
x1(t) = x1(0)
+ [LJY1 - k21LJY2 - k31LJY3J/(I - k5) (63)
x 2(t) = - k21X1(0)
- [k21LJYl - (1 - k~1)LJY2 - k21k31L1Y3J/(I - k5)
(64)
X 3(t) = - k31X 1(0)
- [k31LJYl - kZ1k31L1yZ - (1 - k~1)L1Y3J/(I - k5)
(65)
Thus, to restore the values of Xi(t) to those for a
lossless system (10)-(12), we must have
L1Yl - k21LJY2 - k31LJY3 = 0 (66)
k21LJYl - (1 - k21)LJY2 - k21k31LJY3 = 0 (67)
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LIST OF PRINCIPAL SYMBOLS
radius (em)
radius of coil i (em)
radius of cost-optimized coil (em)
cost (£)
optimum cost (£)
constant ( = total flux linking circuit i)
stored electrical energy (1)
tLii2i (1)
rotational kinetic energy (J)
electrical energy transferred to synchro-
tron (J)
fractional change (in k~)
magnetic field (G)
central field produced by coil i (G)
central field produced by cost-optimized
coil (G)
peak field (G)
peak field at windings of coil i (G)
field components in rand () directions
(G)
moment of inertia (g cm2)
current (A)
current in coil (or circuit) i (A)
overall coil current density (Ajcm2)
coupling coefficient
overall coupling coefficient between
lumped circuits a and b
coupling coefficient between coils land i,
~tVhere circuit i consists of coil i together
with other coils which are not coupled
to coil 1 (i = 2 or 3)
maximum coupling coefficient between
coil 1 and coil 3
maximum overall coupling coefficient
between coil 1 and lumped circuit 2 or 3
coupling coefficient between primary and
secondary of transformer
inductance (H)
lumped inductance of circuit i (H)
inductance of coil i (coupled to coil 1)
(H)
inductance of that part of circuit i which
is not coupled to coill (i.e. L iu =L i - Lie)
(H)
inductance of primary of transformer (H)




















Finally we comment very briefly on the main
areas of further study.
(a) Basic principles. Periodically we have
returned to the problem of whether it is possible to
devise a much smaller multiply-cycled device
which would transfer the energy in smaller incre~
ments between an energy storage coil and the
synchrotron. In attempting this we always en-
counter the fundamental difficulty of satisfying both
the basic circuit equations (which are sums of terms
of the form Lia, Mi b , etc.) and also the constant
energy condition (which is a sum of terms of the
form tLi~, Miai b etc.). It seems impossible to
achieve these conditions simultaneously unless the
components of the transfer device are of comparable
magnitude to the storage and load coils. It is
worthwhile, however, continuing to review this to
see if some alternative approach or improved
scheme can be evolved.
(b) Circuit analysis and dynamic behaviour.
Although many aspects can continue to be usefully
studied using the simple techniques described in
this paper, the algebraic analysis becomes too
cumbersome for the full system including losses
subdivided transformer secondary, etc. Accord~
ingly new studies are being initiated using both
comp~ter techniques and electronic analogue
technIques, with which it is hoped to simulate the
behaviour of the basic circuits and subsequently
proceed to the more complicated situations.
(c) Engineering studies. There are no immediate
plans for a superconducting prototype. We
propose to spend some time exploring the limita-
tions of room temperature analogue models before
considering a superconducting version. The
optimum timing for beginning to assess the large-
scale engineering problems is also not yet clear, and
obviously depends rather strongly on the rate of
development of the superconducting synchrotron
itself. It is hoped, however, that some preliminary
paper studies can be initiated during the next 12-18
months.
k31L1Yl - k 21k31L1Y2 - (1 - k~1)L1Y3 = 0 (68)
i.e., since the determinant of the coefficients of
L1Yi = (1 - k5)2 =F 0,
L1Yl = .1Y2 = L1Y3 = 0
In other words, the loss in each circuit must be made
up in that circuit.











transformer turns ratio (=(LTS/LTP)1/2)
radius (em); ratio of operating currents
in power supply and synchrotron
quantity of superconductor (A em)






external voltage in circuit i (V)




initial and final angle of rotation
Ti time constant for current decay in
circuit i (s)
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